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ABSTRACT 

BPS electric and magnetic black hole solutions which break half of supersym- 
metry in the theory of N = 2 five-dimensional supergravity are discussed. 
For models which arise as compactifications of M-theory on a Calabi-Yau 
manifold, these solutions correspond, respectively, to the two and five branes 
wrapping around the homology cycles of the Calabi-Yau compact space. The 
electric solutions are reviewed and the magnetic solutions are constructed. 
The near-horizon physics of these solutions is examined and in particular 
the phenomenon of the enhancement of supersymmetry. The solutions for 
the super symmetric Killing spinor of the near horizon geometry, identified as 
AdSs x S 2 and AdS% x S 3 are also given. 
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1 Introduction 



Considerable progress has been made in the study of BPS black hole states of the low- 
energy effective actions of compactified string and M-theory 0. This was mainly motivated 
by the important role that these states play in the understanding of the non-perturbative 
structure behind string theory. Toroidal compactifications of string theory give rise to 
vacua with N = 4 and N = 8 supersymmetry and BPS states of these models are 
restricted by the large supersymmetry. Corrections to these solutions and their entropies 
can only arise from higher loops, as the lowest order corrections are known to vanish. Four 
and five dimensional N = 2 supergravity models coupled to vector and hyper-multiplets 
can arise, for example, from type II string and M-theory compactified on a Calabi-Yau 
threefold. An important step in the study of N = 2 black holes was the realisation that 
their entropy is given in terms of the extremum of the central charge and that the scalar 
fields of the theory take fixed values at the horizon independent of their boundary values 
at spatial infinity [Q. 

The perturbative and nonperturbative corrections for the N = 2 supergravity 
models seem to make the study of their BPS black hole solutions more intricate. However, 
the rich geometric structure of these theories |3|, |j considerably simplifies the analysis of 
their black hole solutions. For instance, the black hole metric in four dimensions can 
be expressed in terms of symplectic invariant quantities where the symplectic sections 
satisfy algebraic constraints involving a set of constrained harmonic functions ||. In a 
similar way to Einstein-Maxwell theory ||, different types of solutions can be obtained 
depending on the choice of harmonic functions. The solutions also depend on the choice of 
the prepotential which defines the theory. In five dimensions, the black hole solutions |7j] 
can be expressed in terms of the rescaled cubic homogeneous prepotential which defines 
very special geometry ||. 

The BPS solutions can be regarded as solitons interpolating between two vacua: 
Minkowski flat space at infinity and AdS p+ 2 x S d ~ p ~ 2 near the horizon || ^, 10|, where 



p is the dimensionality of the solution. Anti-de Sitter spaces and spheres are known 
to admit Killing spinors which we refer to as geometric Killing spinors. At a generic 
point in space-time, the BPS solution breaks half of supersymmetry. However, if at 
the near horizon the supersymmetric Killing spinor, defined by the zero mode of the 
gravitinio supersymmetry transformation, can be identified with the geometric spinor, 
then supersymmetry is enhanced. This restoration of supersymmetry have been discussed 
in the literature for the cases where the near horizon geometry was identified with the 
spaces AdS 2 x S 2 g, §, AdS 5 x S 5 , AdS 3 x S 7 , and AdS 7 x S 3 flTTj. In five dimensional 
supergravity models with vector multiplets, our concern in this paper, the restoration of 



supersymmetry of a double-extreme black hole solutions |TT[ near the horizon in four and 
five dimensions has been discussed in |], [12j and also for the rotating case in The 
analysis of the pure five dimensional supergravity case (without vector multiplets) was 

2 for reviews see for example [El 
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performed in |I4| 



General BPS black hole solutions which break half of supersymmetry of d = 5, 
N = 2 supergravity theory with an arbitrary number of vector supermultiplets, were 
obtained in pj. There it was also demonstrated that the entropy of these black holes 
is given in terms of the extremised central charge. The near horizon geometry of these 
solutions is the same as that of the double-extreme solutions in accordance with the 
attractor behaviour. The main result of this paper is the analysis of general magnetic- 
string solutions^, which in compactified M-theory on a Calabi-Yau manifold, correspond 
to five branes wrapped around the four cycles of the Calabi-Yau compact space. The 
enhancement of supersymmetry at the near horizon of these solutions is shown and we 
derive the expression of the Killing spinor of the maximally supersymmetric horizon. The 
analysis of [|l^] is also completed by obtaining the form of the Killing spinor for the near 



horizon geometry for the electric BPS solution given by AdS 2 x S3. 

The bosonic action of five dimensional N = 2 supergravity coupled to vector 
multiplets is given by 



= -\r - \G LJ F,jF^ J - \g %3 d^d^ + ^e^CuKF^A*. (1) 



The theory of five dimensional N = 2 supergravity with vector supermultiplets was con- 
sidered in |T7[. The compactification of N = 1, D = 11 supergravity pB[ , i. e., the low 
energy limit of M-theory, down to five dimensions on Calabi-Yau 3-folds (CT3), results 
in a d = 5, N = 2 supergravity coupled to abelian vector supermultiplets based on the 
structure of very special geometry [[|. The five dimensional theory contains the gravity 
multiplet, — 1 vector multiplets and h( 2 ,i) + 1 hypermultiplets, ^(2,1)) are the 

Hodge numbers of CY3. The — l)-dimensional space of scalar components of the 

abelian vector supermultiplets coupled to supergravity can be regarded as a hypersurface 
of a /i( 11 )-dimensional manifold whose coordinates X 1 ^) are in correspondence with the 
vector bosons (including the graviphoton) . In five dimensions, an iV = 2 vector super- 
multiplet has a single scalar field and therefore the scalar manifold is real. The defining 
equation of the hypersurface is 

V(X) = 1 (2) 
and the prepotential V is a homogeneous cubic polynomial in the coordinates X 1 ^) 

V(X) = \ C 1JK X I X J X K = X I X l = 1, I,J,K= 1, . . . , /*(!,!) (3) 


where Cuk are the topological intersection numbers and Xj are the "dual" special coor- 
dinates (the four cycles). 

3 a magnetic string solution in five dimensions was obtained as a compactification of an intersection 
of 3 M-5-branes and a boost along the common string in |15[ 
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The corresponding vector and scalar metrics in (|1|) are completely encoded in the 
function V(X) 



2 Electric BPS Black Holes 



In the compactified M-theory on a Calabi-Yau manifold, electrically point and magneti- 
cally charged string-like BPS states correspond to the two- and five-branes of M-theory 
wrapped around the two- and four-cycles of the Calabi-Yau space. Though the details of 
the low-energy Lagrangian depend very much on the compactified Calabi-Yau space, the 
analysis of the BPS solutions can be considerably simplified by the rich geometric struc- 
ture based on "very special geometry" [|J underlying the N = 2 five-dimensional theories 
with vector supermultiplets. Electrically charged BPS solutions of the five dimensional 
theory have been analyzed in ]7| and will be reviewed in this section. 

The supersymmetry transformation laws for the fermi fields in a bosonic back- 
ground are given by |7|, [17[ 



8% = (P /J + ^ f (r/-45 /1 T")V)e 1 

SXt = [^XjT^F^-'-g^d^e, (5) 

where e is the supersymmetry parameter and Z> M the covariant derivative. 4 The metric 
for the BPS electric black hole solutions can be brought to the form 

ds 2 = -e- 4U (dt + w m dx m f + e 2U (dx) 2 . (6) 

The vanishing of the supersymmetry transformations of the gravitino and gauginos, for 
the choice r°e = — ie, imposes the following relations for the supersymmetry variation 
parameter, U, w m , the scalar fields and the gauge fields 

d t e = 0, 
(d m + d m U)e = 0, 

(^ mn )" = (dmQn - d n Q m )~ , 



(XjF'J = -d m e~ 2U , 

1 

2 l 



2(d m Uw n - dnllwm) - -{d m w n - d n w m ) + e 2L r (XrF^ q 



4 we use the metric r\ ah = (-,+,+,+,+), {r Q ,r 6 } = 2?7 ab , = + \u l , ab r ab , uj^ is the spin 
connection, and T" are Dirac matrices and r Qia2 ' Q ™ = ir^r 112 • • -r a "]. 

" 71,1 
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- l -e 2U (XjF^Y -{d m Uw n -d n Uw m )* = 0, 
^e-VdnXjdiX 1 - G IJ e u d i X I F^ m = 0, 
(G IJ d i X I F£ n + ~e- 2U (d m X I w n -d n X I w m )y = 0. (7) 

where Q n = e~ 2U w n and F~ n = F mn —* F mn . The above conditions are satisfied for 

FLn = 9 m (X I Q n ) — d n (X ! Q m ), 

FL = -d m {e~ 2U X l ), 

(d m w n - d n w m y = 

e = e~ u e . (8) 

where eo is a constant spinor satisfying r°e = —ie. 

The various physical variables can be fixed in terms of space-time functions, by 
solving the equations of motion for the gauge fields []. From the Lagrangian ([I]), we derive 
the following equation of motion for the gauge fields, 

d v (eG Ijg w g ™F p J a ) = ^C IJK e^ k F^ k . (9) 

Using (d) and after some manipulations one obtains the solution 

e 2U Xj = X -H h (10) 

where Hi are harmonic functions, Hi = hi + %, hi are constants and qi are electric 
charges. 

It is convenient to express the solution in terms of the geometry of the internal 
space, i. e., in terms of the cubic polynomial V. Define the rescaled coordinates 

Yj = e 2U Xi, Y 1 = e u X I , (11) 

then the underlying very special geometry implies that 

e 3U = V(Y) = ^C IJK Y I Y 3 Y K , (12) 

and thus the electric black hole solution metric has the form 

ds 2 = -V- A/3 (Y)(dt + uj m dx m ) 2 + V 2/3 (Y)(dx) 2 , 



Yr = -H z , 



1 

3^ 

Finn = dniV-WwJ-dniV-Wwn), 

FL = -d^Y 1 ). (13) 



notice that the Bianchi identities are trivially satisfied 
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Black holes with rotational symmetry can be constructed using the above general 
solution. Changing to polar coordinates defined by, x 1 + ix 2 = rsinOe 1 ^, x 3 + ix 4 = 
rcosOe 1 ^, and specializing to solutions with rotational symmetry in the two orthogonal 
planes, i. e., = w^(r,9), uy, = w^(r,9),w r = u>q = 0, then the self-duality condition 
of the field strength of w m gives for a decaying solution, itty = — sin 2 9, = cos 2 9. 
Therefore, the general form of the metric solution with rotational symmetry in the two 
orthogonal planes is given by 

ds 2 = -V- A ^{Y)(dt - + ^J^#) 2 + V 2 '\dr 2 + r 2 dnl) (14) 

where 

dilj = (d9 2 + sin 2 9d(p 2 + cos 2 9dip 2 ). (15) 



It was demonstrated in (1T3 that for double-extreme black holes in five dimensions 



supersymmetry is enhanced at the near horizon where the metric takes the form 

da 2 = ~{yfdt 2 + {y)- 2 dr 2 + r 2 dn 2 3 , (16) 
with the geometry AdSi x S 3 . Also these results were extended to the rotating case where 



similar conclusions hold |T3[ . In reality one can obtain the stronger result that for a general 
electric BPS black hole in five dimensions with vector supermultiplets, supersymmetry 
is restored at the near-horizon. This is because both extreme and double-extreme black 
holes have the same form of metric at the near horizon. This can be seen by examining the 
general solution near the horizon, (r — > 0). There V(Y) can be approximated as follows. 

v hor (Y) = -(r'tf,)^ = I(y V r (%. (17) 

However, Yj or = Vl^(Y)X^ or , and thus 

V^{Y) = i% (18) 

where Z e = qiX 1 is the electric central charge, and (Z e ) cr is its value at the horizon. 
Moreover, equation ( |10D which defines the moduli over space-time becomes near the hori- 
zon 

{Z e Xi) hor = (19) 

which is what one obtains from the extremisation of the central charge. Comparison of 
the form of our metric near the horizon with ([H]), implies that the two forms are related 

by 

r 2 {ZeU r = —. (20) 

The proof for the enhancement of supersymmetry for the double extreme black hole 
solution therefore remains unchanged for the general electric BPS solution as the metrics 
near the horizon are identical. 
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Si/H 


= V t e 




= V r e 


Stpe 


= V e e 




= V e 




= V^e 



Here we complete the analysis by solving for the Killing spinor near the horizon. 
There the gravitino supersymmetry transformations become 

. + il 

r 

J + 2^oi2)e, 

1 i 
^ - - cos 6T 23 + -1 



(a^ + ^sin^r 24 + ^r o i4cos0)e, (21) 



2 2 

where we have used that near the horizon X 1 F t T r = — . 

The integrability conditions of the gravitino transformations impose no conditions 
on the Killing spinor e, which implies that one has full supersymmetry. Setting all the 
variations in ( 21 ) to zero can be solved by the Killing spinor 

e(r,M,V0 = e-i r ™> e e ^-fW^ ^ r( _^) 2 ri (l + ,T ))e , (22) 
where Eq is a constant spinor. 



3 BPS Magnetic Solutions 

In this section we construct general BPS magnetic string-like solutions which break half 
of supersymmetry of d = 5, N = 2 supergravity theory coupled to vector supermultiplets. 
As a general metric for the magnetic string-solution we write 

ds 2 = e 2V (-dt 2 + dz 2 ) + e 2U (dx) 2 , (23) 

where (dx) 2 = (dx 1 ) 2 + (dx 2 ) 2 + (dx 3 ) 2 , and ( X •. X . X 1 3jI*G the transverse dimensions. The 
functions U and V are taken to be independent of (t, z). The non- vanishing Funfbeins for 
the metric in ( f23"D are 

e m a = e u 8'. (24) 

For the spin connections one obtains 

utao = d m Ve v - u 5™, 
u> za i = -d m Ve v - u 5™, 

uj pab = d n U(5 an 5 b p -5 nb 5 a p ). (25) 
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First we consider the supersymmetry variation of the gauginos and find the conditions 
that must be satisfied by a supersymmetric bosonic configuration. These conditions are 
obtained by setting the fermions and their supersymmetry variations to zero. Using (f|), 
the gaugino transformation can be rewritten in the form 

6X, = -~ (GjjdiX'V^F^ - ^d.XAX 1 ) e. (26) 

The vanishing of the gaugino transformation thus gives 

Gjjd.X 1 (T mn Fi n + 2id m X J Y m ) e = 0, (27) 
where we have used the relation 

Gjjd,X J = —d^Xt, (28) 

which follows from very special geometry. Assuming that the susy parameter satisfies 

e = T.Toe, (29) 



a condition which implies that half of supersymmetry is broken. Using fl29"|) , it can be 
shown that 

T mn e = ie- 3U e mnp T p e, (30) 

If one also writes X 1 = e~ u H 1 , then fl27D together with the relation X I d{X I = 0, implies 
the following 

T mn F^ n e = ^ie^dpH^e. (31) 



This, with (|30|) fix the gauge field strengths to be 

F Ln — -emnpdpH 1 . (32) 
Moreover, using the relation ^CjjkX j X j X k = 1, one concludes that 

e 3U = -C 1JK H 1 H J E K . (33) 

Therefore, using the relations of very special geometry, the vanishing of the gaugino 
supersymmetry variation for a choice of the supersymmetry parameter, fixes the relation 
between the gauge field strengths, X 1 and U . 

The vanishing of the gravitino supersymmetry transformation fixes the metric as 
well as the supersymmetry parameter itself. The vanishing of the t-component gives 

S^ t = (d t + \u?T ab + -rrXjF^ e = 0. (34) 

Using our Ansatz, we have 

juf Y ab e = l -ufT a0 t = - l -d m Ve v - u 5 a m T a T e. (35) 
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Moreover, using the expressions for the scalar fields and gauge field strengths we get 

Ix^FL = \e v - u d m U6TT a0 e. (36) 



Therefore, from (|34|) , we get the conditions 

V = ~U, d t e = 0. (37) 
Similarly, the z component of the gravitino supersymmetry variation gives 

ty, = (d z + \u: b Y ab + '-XjTrFL) e. (38) 

Using X I T mn F} nn e = -2iT p d p Ue, T z = e\ V u V p = e p a T a , we deduce that d z e = 
0. Moreover, one obtains from the vanishing of the space-components of the gravitino 
supersymmetry variations 

{d m + \d m U)t = 0. (39) 

Thus the Killing spinor is given by 

e = e-^eo, (40) 

where e is a constant spinor satisfying e = I^Toe. 

Here we give a summary of what we have done so far. We are seeking a background 
which breaks supersymmetry and we have obtained the following configuration 

F mn = -e mnp d p H I , X^e^H 1 , V = -~U. (41) 

In order to fix the scalar functions H 1 , one has to solve for the equations of motion and 
the Bianchi identities for the gauge fields. Doing so, the H 1 are then fixed and are given 
by a set of harmonic functions 

# J = / + -, (42) 
r 

where g 1 are constants and p 1 are magnetic charges. As for the electric black hole solutions, 
we define new coordinates Y 1 = e u X I , in terms of which the magnetic string solution 
takes the following simple form 



ds 2 = V(Y)-*(-dt 2 + dz 2 ) + V(Y) a (dr 2 + r 2 d6 2 + r 2 sin 2 . 

ran t mnp u p- rl > 

Y 1 = H 1 . (43) 



In the electric case, the horizon geometry is given by AdS2 X S 3 and the black 
hole entropy, related to the horizon volume S 3 , is given in terms of the extremised electric 
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central charge. For the magnetically charged d — 5 BPS black string, one similarly find 
that for our solution the extremised value of the BPS tension is related to the volume 
of the S 2 where the near horizon geometry is given by AdS^ x S 2 . This can be easily 
demonstrated. The magnetic central charge related to the tension of the magnetic string 
states is defined by Z m = p ! Xj. To find the extremum we set 

d t z m = a,(x 7 y = ^CukX'^x^ = o. (44) 

It follows that the critical values of X 1 and its dual are given by (18 



and thus the critical value of the BPS string tension is 

1 



Z m )'i = - P C 1JKV 1 V J V K . (46) 





At the near horizon (r — > 0) we have 

e 3U = -C 1JK E 1 E J E K - ^CWpV^^# 
o or" 3 r" 3 

T7~T~ 

X I = 1 -C IJK H J H K - \Ci.J K f^. (47) 

Therefore the values of the moduli at the horizon are those which extremise the magnetic 
central charge. With these limits, the metric and the gauge fields at the horizon could 
then be expressed in the form 



ds 2 = ji^{-dt 2 + dz 2 ) + ^%^<2r 2 + {Z m ) 2 cv {de 2 + sin 2 6d<p 2 ), 
FL = g'sintf. (4f 



We now demonstrate the enhancement of supersymmetry at the horizon for the 
magnetic solutions. For the near horizon metric, the gaugino transformation reduces to 

5Xi = (aTF^foW 1 * + j^ridrXAX 1 )^ (49) 
v 3(Z m )^ r 4(Z m ) cr ' 

The above variation vanishes identically without any conditions imposed on the super- 
symmetry parameter. This is basically due to the fact that the magnetic central charge is 
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extremised at the horizon. From the gravitino supersymmetry transformations near the 
horizon we get the equations 



i 

#t = v t e=(fli + ^-r(ro-r 1 )r 3 )£ ) 



- m Jcr 



1 

8ij, z = v z e=(d z ^(ro-r!)r 2 )e, 



-rnjcr 



8ip r = V r e = (d r + — r ri)e, 



5^6 = V e e=(d e - t -rAe, 



4r 

U 
2 



#0 = V^e= (<^ + |sin0r 3 - -cos^r 3 r 4 )e, (50) 
The integrability conditions 

[V M ,V„]e=0 (51) 

can be seen to be satisfied with no restrictions on the Killing spinor e. This implies that 
supersymmetry is fully restored. The solution of the Killing spinor is given by Q 



e(t, z, r, 9, 0) = e*™e* T * r <*({l + r^r? - -^4-ri(r - (52) 



2(^m)cr 

where k is a constant spinor. The structure of the horizon is AdS-s x S 2 with curvatures 

Rab = - w y \ 2 Vabi Vab = (~h h 1), 0,6 = 0,1,2 

#a/3 = 0/7 x 2 <W, a,/? = 3, 4. (53) 



In conclusion, with the help of the relations of very special geometry, BPS electric 
and magnetic solutions of M-theory on a Calabi-Yau manifold were obtained. Our analysis 
applies to all N = 2 five dimensional supergravity and not only to models with higher- 
dimensional origin, i.e, those obtained from compactifying 11-dimensional supergravity 
on a Calabi-Yau manifold. The solutions depend on the prepotential which defines the 
theory. We note that in the electric solutions, the rescaled four-cycles Yj are given in terms 
of harmonic functions and thus in order to find the explicit space-time solution one has 
to solve for the two-cycles X 1 . In the magnetic case, however, it is the rescaled two-cycle 
which is given in terms of a harmonic function and thus the explicit space-time solution 
is known for all prepotentials. We have demonstrated that supersymmetry in enhanced 
at the near horizon of the general electric and magnetic solutions. The solutions for the 
Killing spinors of the near horizon geometries, AdS2 x S 3 and AdS$ x S 2 are given. 



6 the dependence of the Killing spinor on Z m can be absorbed by the redefinition of coordinates, 
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